Suppose K is a field, α n ∈ K * , and n is the least natural number with this property. We study the question on how many powers α j , 0 j < n, lie in a given K -linear space.
Introduction
When K ⊂ L are fields and α ∈ L has α n ∈ K * for some natural n, we call α a root of K , and we call it a root of order n if n is least with this property. When this holds with α n = κ, the polynomial X n − κ is often irreducible over K , for instance when the conditions of Capelli's theorem (see, e.g., Theorem VIII.9.1 in [3] ) are satisfied. Then if V is an r-dimensional K -linear subspace of L, there are at most r exponents j, 0 j < n, with α j ∈ V .
We are interested in more general conclusions of this kind. Early in our researches we found that when α is a root of unity of order n, so that in particular it is a root of K = Q of order n, then not more than c 1 r(log r + 1) powers α j with 0 j < n lie in any given r-dimensional Q-linear subspace V of Q(κ). 
Then given an r-dimensional K -linear subspace V ⊂ Q, the number of powers α j ∈ V with 0 j < n is at most
where γ is Euler's constant.
Recently in an appendix to [1] it was shown that when α is a root of K of order n where K is a number field of degree d, then not more than c(d, r) powers α j with 0
where log
The question remains whether a bound of this type, depending only on d and r, is true with a better dependency on r, such as, e.g., in (1) . The subject of the present paper is relevant for certain diophantine equations. An equation
where f is a polynomial implies that α x lies in the space V over Q spanned by the coefficients of f . When α is a root of order n of a number field K of small degree, it is useful to know that there are few exponents j, 0 j < n, with α j ∈ V , so that x with (2) will lie in few residue classes modulo n. Solutions x = j + ny in a given class j (mod n) will have β y = α − j f ( j + ny) = f j (y) say, with β = α n ∈ K . This is of the same type as (2), but β ∈ K where K is of small degree turns out to be advantageous. As a matter of fact, simpler methods can be used for Eq. (2), but the method described comes into play for equations [8] and [1] .
Proofs
In the proof of the theorem we shall use the following notation: ζ n is a primitive root of unity of order n, W (K ) is the group of roots of unity contained in K . K * α denotes the multiplicative group generated by K * and α and [K * α :
The proof is based on ten lemmas.
Proof. We have
and it suffices to show that the factors on the right-hand side are irreducible over 
In the case (3) we have
Since β ∈ K (ζ n ) the Galois group of x pv − δ over K is abelian and by Theorem 2 of [7] δ
hence, by Lemma 2,
Since pv | e and (e, e(δ, K )) = 1 we obtain pv | (e, w) and (5) contradicts the choice of v.
In the case (4) we have
Since β ∈ K (ζ n ) the Galois group of x 4v − δ over K is abelian and by Theorem 2 of [7] 
hence, by Lemma 2, 
On the other hand, α
[e, n (n,w) ] ∈ K . This proves (7). Now, by field theory
By Lemma 3,
On the other hand,
The inequalities (9)- (11) give (8 
But when the double sum (13) has at most r + 1 nonzero coefficients, then so does each sum in (14), so that by the case a = 1, (14) holds only if all the coefficients c ij vanish. 2
Remark. For L = Q the lemma with the above proof is due to Mann [4] . 
Lemma 8. Let, in the notation of Lemma 6, B be the odd part of B
Proof. By Lemma 3 we have for every integer n
since v occurring in that lemma does not change when w is replaced by (e, w). Thus we have
It remains to show that
and since p 2Bm,
This implies (15 
in the notation of Lemma 9, K (α) ⊂ P , by that lemma there are at most r powers η
, and they are linearly independent over P . Let they be η
and let V l be the K -linear subspace of V l spanned by ξ i belonging to V l , and t l = dim V l . We may suppose that t l > 0 for 1 l q and t l = 0, otherwise. For l q we have by the inductive assumption
Summing over l we may conclude that the number of pairs i, j in question with ξ
We claim that these elements are linearly independent over K . If
with coefficients c lk ∈ K , then each sum
by the linear independence of η j 1 , . . . , η 
